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Abstract. We review our recent work on ellipsoidal M2-brane solutions in the large-
N limit of the BMN matrix model. These bosonic finite-energy membranes live inside
so (3) × so (6) symmetric plane-wave spacetimes and correspond to local extrema of
the energy functional. They are static in so (3) and stationary in so (6). Chaos ap-
pears at the level of radial stability analysis through the explicitly derived spectrum of
eigenvalues. The angular perturbation analysis is suggestive of the presence of weak
turbulence instabilities that propagate from low to high orders in perturbation theory.
Keywords: Dynamical systems, chaos, M-theory, BMN matrix model, relativistic
membranes.
1 Introduction
M-theory By the end of the first superstring revolution (1984-1994), five seem-
ingly different 10-dimensional superstring theories had emerged:
Types I, II (IIA, IIB), Heterotic (so(32), E8 × E8).
During the subsequent second superstring revolution (1994-2003), it was found
that the 5 superstring theories are connected via a web of dualities (T-duality,
S-duality, U-duality, mirror symmetry). What is more, it was realized that
the five 10-dimensional superstring theories were just limiting cases of an 11-
dimensional theory. This theory was called ”M-theory”; it is obtained in the
strong-coupling limit (gs → ∞) of IIA superstring theory. The letter ”M”
stands for ”magic, mystery and matrix” according to one of its founders, E.
Witten [1]. Others have associated the letter ”M” with ”membranes” [2].
Relativistic membranes The idea behind the theory of relativistic membranes
is simple: replace 1-dimensional lines (strings) with 2-dimensional surfaces
(membranes), much like lines/strings replace 0-dimensional points/particles in
the passage from quantum field theory to string theory. Like point particles
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and strings, membranes are Poincare´ invariant objects that can be supersym-
metrized. It has been proven that supermembranes can only be defined consis-
tently in 11 spacetime dimensions. Higher-dimensional extended supersymmet-
ric objects (Mp-branes) can be defined in an analogous fashion. Nonetheless,
there are reasons to believe that supermembranes (or ”M2-branes”) are the
fundamental objects of the 11-dimensional M-theory, just like strings are the
fundamental objects of 10-dimensional string theory.
Matrix models According to the matrix theory conjecture of Banks, Fischler,
Shenker and Susskind (BFSS) [3], a theory of matrix-discretized supermem-
branes provides a realization of M-theory in flat spacetime. In the language of
matrix models, membranes are fuzzy objects that are represented by N × N
matrices. In the limit of very large matrix dimensions (N →∞), these matrix
models are known to reduce to supermembrane theories.
In 2002, Berenstein, Maldacena and Nastase (BMN) [4] proposed a refor-
mulation of the BFSS matrix model on a particular type of a background that
consists of a weakly curved spacetime that is known as a plane-wave, supported
by a constant (4-form) field strength:
ds2 =−2dx+dx− −
µ2
9
3∑
i=1
xixi +
µ2
36
6∑
j=1
yjyj
 dx+dx+ + 3∑
i=1
dxidxi+
+
6∑
j=1
dyjdyj , F123+ = µ. (1)
Briefly, the BMN matrix model is a deformation of the BFSS matrix model by
mass terms and a flux (aka Myers) term. In the large-N limit it is again known
[5] that the BMN matrix model reduces to a theory of supermembranes in the
11-dimensional plane-wave background (1). Interestingly, M(atrix) theory has
quite recently been applied to the study of chaotic phenomena that take place
on the horizons of black holes.
Black holes Black holes (BHs) are regions of spacetime where the force of grav-
ity is so strong that nothing (not even light) can escape. The 2-dimensional
surface beyond which it is (classically) impossible for matter or information to
escape the gravitational pull of a BH is known as the BH’s event horizon. In
1974 Stephen Hawking predicted that it is (quantum-mechanically) possible for
BHs to emit thermal radiation and thus slowly evaporate. Because Hawking’s
radiation is purely thermal, all the information that is stored in BHs seems to
get lost.
To resolve the ensuing BH information paradox we ultimately need to un-
derstand the mechanisms with which information is being stored and processed
in BHs. One such mechanism is known as fast scrambling or ultra-fast thermal-
ization [6]. More generally, it is widely believed that chaotic phenomena are a
dominant feature of BH horizons. Because it is inherently nonlocal, M(atrix)
theory turns out to be a valuable tool in the study of information processing
by BHs. More precisely, M(atrix) theory can be used to model the dynamics
of the microscopic degrees of freedom that are present on BH horizons [7,8].
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2 General setup
Our starting point is the Hamiltonian of a bosonic relativistic membrane in the
11-dimensional maximally supersymmetric plane-wave background (1). The
Hamiltonian reads, in the so-called light-cone gauge x+ = τ [5]:
H =
T
2
∫
d2σ
[
pi2i +
1
2
{xi, xj}2 + 1
2
{yi, yj}2 + {xi, yj}2 + µ
2x2
9
+
µ2y2
36
−
−µ
3
ijk {xi, xj}xk
]
. (2)
From now on the indices of the coordinates xi will implicitly be taken to run
from 1 to 3, while those of the coordinates yj will run from 1 to 6.
1 In (2) T
stands for the membrane tension and
pi2i ≡
3∑
i=1
x˙ix˙i +
6∑
j=1
y˙j y˙j , x
2 ≡
3∑
i=1
xixi, y
2 ≡
6∑
j=1
yjyj . (3)
The definition of the Poisson bracket {f, g} that we will be using is
{f , g} ≡ rs√
w (σ)
∂rf ∂sg =
1√
w (σ)
(∂1f ∂2g − ∂2f ∂1g) , (4)
where d2σ =
√
w (σ) dσ1 dσ2 is the spatial volume element of the worldvolume
and rs is the 2-dimensional Levi-Civita symbol. In a flat worldvolume it’s
w (σ) = 1 and the usual definition of the Poisson bracket is retrieved.
The Lagrangian equations of motion for the spatial coordinates x and y
corresponding to the Hamiltonian (2) are:
x¨i = {{xi, xj} , xj}+ {{xi, yj} , yj} − µ
2
9
xi +
µ
2
ijk {xj , xk} (5)
y¨i = {{yi, yj} , yj}+ {{yi, xj} , xj} − µ
2
36
yi. (6)
The coordinates x and y can also be shown to obey the Gauss law constraint:
3∑
i=1
{x˙i, xi}+
6∑
j=1
{y˙j , yj} = 0. (7)
3 The spherical ansatz
Let us make the following ansatz for the spatial coordinates x and y [9,10]:
xi ≡ x1i = x˜1i (τ) e1 (σ) , i = 1, . . . , q1 (8)
xq1+j ≡ x2j = x˜2j (τ) e2 (σ) , j = 1, . . . , q2 & q1 + q2 + q3 = 3 (9)
xq1+q2+k ≡ x3k = x˜3k (τ) e3 (σ) , k = 1, . . . , q3 (10)
1 Note also that there’s no distinction between upper and lower indices, so that these
will be henceforth used interchangeably.
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and
yi ≡ y1i = y˜1i (τ) e1 (σ) , i = 1, . . . , s1 (11)
ys1+j ≡ y2j = y˜2j (τ) e2 (σ) , j = 1, . . . , s2 & s1 + s2 + s3 = 6 (12)
ys1+s2+k ≡ y3k = y˜3k (τ) e3 (σ) , k = 1, . . . , s3. (13)
The ansatz (8)–(13) splits the coordinates x and y into three groups
xai = x˜ai (τ) ea & ybj = y˜bj (τ) eb, (14)
where i = 1, . . . , qa, j = 1, . . . , sb, a, b = 1, 2, 3. Going over to spherical
coordinates, (σ1, σ2)→ (θ, φ), we define:2
(e1, e2, e3) = (cosφ sin θ, sinφ sin θ, cos θ), φ ∈ [0, 2pi), θ ∈ [0, pi] (16)
{ei, ej} = ijk ek,
∫
ei ej d
2σ =
4pi
3
δij . (17)
Note that the Gauss law constraint (7) is automatically satisfied by the ansatz
(8)–(13). Now consider the following solutions:
x˜1 (τ) = e
Ωx1τ · x˜10, x˜2 (τ) = eΩx2τ · x˜20, x˜3 (τ) = eΩx3τ · x˜30 (18)
y˜1 (τ) = e
Ωy1τ · y˜10, y˜2 (τ) = eΩy2τ · y˜20, y˜3 (τ) = eΩy3τ · y˜30. (19)
As in the case of flat space (worked out in [11]) it can be shown that the radii
r2x1 ≡ x˜21 =
q1∑
i=1
x˜10ix˜10i, r
2
x2 ≡ x˜22 =
q2∑
j=1
x˜20j x˜20j , r
2
x3 ≡ x˜23 =
q3∑
k=1
x˜30kx˜30k (20)
r2y1 ≡ y˜21 =
s1∑
i=1
y˜10iy˜10i, r
2
y2 ≡ y˜22 =
s2∑
j=1
y˜20j y˜20j , r
2
y3 ≡ y˜23 =
23∑
k=1
y˜30ky˜30k (21)
of the ansatz (18)–(19) can be determined (for all the antisymmetric matrices
Ωx1, Ωx2, Ωx3, Ωy1, Ωy2, Ωy3) in terms of the conserved angular momenta
(`x1)ij ≡ ˙˜x1ix˜1j − x˜1i ˙˜x1j , (`y1)ij ≡ ˙˜y1iy˜1j − y˜1i ˙˜y1j (22)
(`x2)ij ≡ ˙˜x2ix˜2j − x˜2i ˙˜x2j , (`y2)ij ≡ ˙˜y2iy˜2j − y˜2i ˙˜y2j (23)
(`x3)ij ≡ ˙˜x3ix˜3j − x˜3i ˙˜x3j , (`y3)ij ≡ ˙˜y3iy˜3j − y˜3i ˙˜y3j , (24)
by minimizing the corresponding effective potential of the membrane. This is
completely equivalent to plugging the ansatz (18)–(19) into the equations of
motion (5)–(6) and determining the relation between the radii rx1, rx2, rx3,
ry1, ry2, ry3 and the components of the matrices Ωx1, Ωx2, Ωx3, Ωy1, Ωy2, Ωy3
(which in turn always combine to form the conserved angular momenta `x1,
`x2, `x3, `y1, `y2, `y3).
2 We use the volume element in (θ, φ) space which implies that
√
w (σ) = sin θ should
be used in the definition (4) of the Poisson bracket. For alternative parametrizations
such as
(e1, e2, e3) = (cn (φ|m) sn (θ|n) , sn (φ|m) sn (θ|n) , sn (θ|n)), (15)
where φ ∈ [0, 4K (m)) and θ ∈ [0, 2K (n)], the corresponding volume element is√
w (σ) = sn (θ|n) dn (θ|n) dn (φ|m).
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4 Effective potentials
The energy of the membrane (2) becomes:
E =
2piT
3
[
˙˜x21 + ˙˜x
2
2 + ˙˜x
2
3 + ˙˜y
2
1 + ˙˜y
2
2 + ˙˜y
2
3 + x˜
2
1x˜
2
2 + x˜
2
2x˜
2
3 + x˜
2
3x˜
2
1 + y˜
2
1 y˜
2
2 + y˜
2
2 y˜
2
3+
+y˜23 y˜
2
1 + x˜
2
1
(
y˜22 + y˜
2
3
)
+ x˜22
(
y˜23 + y˜
2
1
)
+ x˜23
(
y˜21 + y˜
2
2
)
+
µ2
9
x˜2+
+
µ2
36
y˜2 − 2µ ijk x˜1ix˜2j x˜3k
]
. (25)
We now proceed to the following decomposition of the coordinates:
˙˜x21 ≡ ˙˜x1i ˙˜x1i = r˙2x1 +
`2x1
r2x1
, ˙˜y21 ≡ ˙˜y1j ˙˜y1j = r˙2y1 +
`2y1
r2y1
(26)
˙˜x22 ≡ ˙˜x2i ˙˜x2i = r˙2x2 +
`2x2
r2x2
, ˙˜y22 ≡ ˙˜y2j ˙˜y2j = r˙2y2 +
`2y2
r2y2
(27)
˙˜x23 ≡ ˙˜x3i ˙˜x3i = r˙2x3 +
`2x3
r2x3
, ˙˜y23 ≡ ˙˜y3j ˙˜y3j = r˙2y3 +
`2y3
r2y3
. (28)
Plugging (20)–(21) and (26)–(28) into (25), we find that the energy of the
membrane becomes
E =
2piT
3
[
r˙2x1 + r˙
2
x2 + r˙
2
x3 + r˙
2
y1 + r˙
2
y2 + r˙
2
y3 +
`2x1
r2x1
+
`2x2
r2x2
+
`2x3
r2x3
+
`2y1
r2y1
+
`2y2
r2y2
+
+
`2y3
r2y3
+ r2x1r
2
x2 + r
2
x2r
2
x3 + r
2
x3r
2
x1 + r
2
y1r
2
y2 + r
2
y2r
2
y3 + r
2
y3r
2
y1+
+r2x1
(
r2y2 + r
2
y3
)
+ r2x2
(
r2y3 + r
2
y1
)
+ r2x3
(
r2y1 + r
2
y2
)
+
µ2
9
(r2x1+
+r2x2 + r
2
x3) +
µ2
36
(
r2y1 + r
2
y2 + r
2
y3
)− 2µ ijkx˜1ix˜2j x˜3k], (29)
so that the corresponding effective potential reads
Veff =
2piT
3
[
`2x1
r2x1
+
`2x2
r2x2
+
`2x3
r2x3
+
`2y1
r2y1
+
`2y2
r2y2
+
`2y3
r2y3
+ r2x1r
2
x2 + r
2
x2r
2
x3 + r
2
x3r
2
x1+
+r2y1r
2
y2 + r
2
y2r
2
y3 + r
2
y3r
2
y1 + r
2
x1
(
r2y2 + r
2
y3
)
+ r2x2
(
r2y3 + r
2
y1
)
+
+r2x3
(
r2y1 + r
2
y2
)
+
µ2
9
(
r2x1 + r
2
x2 + r
2
x3
)
+
µ2
36
(
r2y1 + r
2
y2 + r
2
y3
)−
−2µ ijkx˜1ix˜2j x˜3k
]
. (30)
The above potential (30) contains four different kinds of terms, either re-
pulsive or attractive: (1) kinetic/angular momentum terms (repulsive), (2)
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quartic interaction terms (attractive), (3) mass terms (attractive), and (4) a
cubic Myers flux term (repulsive). The last two kinds of terms (i.e. the mass
terms (3) and the Myers term (4)) are µ-dependent and so they drop out in the
µ → 0 limit (flat space) that was studied in [11]. In both cases (either µ = 0
or µ 6= 0), it is the equilibration of attractive and repulsive forces that deter-
mines the extrema of the potential. The two extra repulsive/attractive terms
for µ 6= 0 (induced by the plane-wave background) increase the complexity of
the resulting dynamical system, as it will become apparent below.
There are three ways to distribute the so (3) coordinates xi (i = 1, 2, 3) into
the three groups that are specified by the units ei in (16), so that we can gener-
ally distinguish three main types of membrane configurations. The first two of
them (labelled types I and II below) describe rotating membranes (tops) that
are point-like (collapsed) in one or two so (3) directions and have a vanishing
Myers flux term. The third type (III) is probably the most interesting one as
it contains all four kinds of repulsive and attractive terms that we described
above and extends into the full geometric background of so (3)× so (6). Let us
now introduce these three types of configurations.
4.1 Type I: q1 = 3, q2 = q3 = 0
For q1 = 3, q2 = q3 = 0 we have
rx ≡ rx1, rx2 = rx3 = 0 & `x ≡ `x1, `x2 = `x3 = 0 (31)
and the flux term vanishes. The effective potential (30) of the membrane
becomes:
Veff =
2piT
3
[
`2x
r2x
+
`2y1
r2y1
+
`2y2
r2y2
+
`2y3
r2y3
+ r2y1r
2
y2 + r
2
y2r
2
y3 + r
2
y3r
2
y1 + r
2
x
(
r2y2 + r
2
y3
)
+
µ2r2x
9
+
µ2
36
(
r2y1 + r
2
y2 + r
2
y3
) ]
. (32)
Apart from the completely symmetric (single-radius) configuration r = rx =
ry1 = ry2 = ry3, ` = `x = `y1 = `y2 = `y3, the radii and the momenta of the
effective potential (32) may be grouped into 5 different axially symmetric (2-
radii) configurations and 4 more configurations with 3 different radii. Each of
these potentials possesses a local minimum that corresponds to a stationary top
solution with time-independent radius and nonzero total angular momentum.
There are no static solutions (i.e. having constant radius and zero angular
momentum) in this case.
4.2 Type II: q1 = 2, q2 = 1, q3 = 0
For q1 = 2, q2 = 1 and q3 = 0,
rx3 = 0 & `x2 = `x3 = 0 (33)
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and the flux term vanishes again. The effective potential (30) becomes:
Veff =
2piT
3
[
`2x1
r2x1
+
`2y1
r2y1
+
`2y2
r2y2
+
`2y3
r2y3
+ r2x1r
2
x2 + r
2
y1r
2
y2 + r
2
y2r
2
y3 + r
2
y3r
2
y1+
+r2x1
(
r2y2 + r
2
y3
)
+ r2x2
(
r2y3 + r
2
y1
)
+
µ2
9
(
r2x1 + r
2
x2
)
+
+
µ2
36
(
r2y1 + r
2
y2 + r
2
y3
) ]
. (34)
Although again this case does not lead to any static configuration (with con-
stant radius and zero angular momentum), we may construct one single-radius
(r = rx1 = rx2 = ry1 = ry2 = ry3, ` = `x1 = `y1 = `y2 = `y3) solution, 13
axially symmetric (2-radii) tops and 21 tops with 3 different radii.
For example let us consider a type II configuration with all the so (6) vari-
ables set equal to zero:
x1 = x (τ) · e1, x2 = y (τ) · e1, x3 = z (τ) · e2, yi = 0, i = 1, . . . , 6, (35)
where the time-dependent part has the form (18). In this case the effective
potential (34) becomes:
Veff =
2piT
3
[
`2
x2 + y2
+
(
x2 + y2
)
z2 +
µ2
9
(
x2 + y2 + z2
) ]
, (36)
after setting `x1 = ` for simplicity. The corresponding extremisation condition
∇Veff = 0 implies
x z2 +
µ2x
9
− x `
2
(x2 + y2)
2 = y z
2 +
µ2y
9
− y `
2
(x2 + y2)
2 = z
(
x2 + y2
)
+
µ2z
9
= 0,
which is solved by
x2 + y2 =
3`
µ
& z = 0. (37)
Complying with (18), we can choose e.g.:
x (τ) =
√
3`
µ
cos
µ τ
3
, y (τ) =
√
3`
µ
sin
µ τ
3
, z (τ) = 0. (38)
Equivalently we could have directly plugged (35) into the equations of mo-
tion (5)–(6):
x¨ · e1 = −x z2 · e1 − µ
2x
9
· e1 + µ y z · e3 (39)
y¨ · e1 = −y z2 · e1 − µ
2y
9
· e1 + µx z · e3 (40)
z¨ · e2 = −z
(
x2 + y2
) · e2 − µ2z
9
· e2. (41)
It is easily seen that any solution of the type (18) will again satisfy (37).
8 Axenides et al
4.3 Type III: q1 = q2 = q3 = 1
For q1 = q2 = q3 = 1, we write:
x1 = rx1e1, x2 = rx2e2, x3 = rx3e3 & `x1 = `x2 = `x3 = 0. (42)
Note that rx1, rx2, rx3 are not radii anymore, but coordinates. The effective
potential (30) of the membrane can be written as:
Veff =
2piT
3
[
`2y1
r2y1
+
`2y2
r2y2
+
`2y3
r2y3
+ r2x1r
2
x2 + r
2
x2r
2
x3 + r
2
x3r
2
x1 + r
2
y1r
2
y2 + r
2
y2r
2
y3+
+r2y3r
2
y1 + r
2
x1
(
r2y2 + r
2
y3
)
+ r2x2
(
r2y3 + r
2
y1
)
+ r2x3
(
r2y1 + r
2
y2
)
+
+
µ2
9
(
r2x1 + r
2
x2 + r
2
x3
)
+
µ2
36
(
r2y1 + r
2
y2 + r
2
y3
)− 2µrx1rx2rx3]. (43)
By combining the various radii (along with the corresponding angular mo-
menta) into groups of one, two or three, we obtain 30 different top configu-
rations, one of which corresponds to a completely symmetric top, 9 to axially
symmetric (2-radii) tops and 10 to tops that have 3 different radii.
5 Simple type III solutions
The so (3)× so (3)× so (3) ⊂ so (3)× so (6) invariant ansatz
xi = u˜i (τ) ei, yj = v˜j (τ) ej , yj+3 = w˜j (τ) ej , i, j = 1, 2, 3 (44)
was studied in [12]. The ansatz (44) is obviously of the form (42) (type III)
and it describes rotating and pulsating membranes of spherical topology. The
corresponding Hamiltonian
H =
2piT
3
(
p˜2u + p˜
2
v + p˜
2
w
)
+ U, (45)
is obtained by integrating out the worldvolume coordinates θ and φ. The
potential energy U reads
U =
2piT
3
[
u˜21u˜
2
2 + u˜
2
2u˜
2
3 + u˜
2
3u˜
2
1 + r˜
2
1 r˜
2
2 + r˜
2
2 r˜
2
3 + r˜
2
3 r˜
2
1 + u˜
2
1
(
r˜22 + r˜
2
3
)
+
+u˜22
(
r˜23 + r˜
2
1
)
+ u˜23
(
r˜21 + r˜
2
2
)
+
µ2
9
(
u˜21 + u˜
2
2 + u˜
2
3
)
+
+
µ2
36
(
r˜21 + r˜
2
2 + r˜
2
3
)− 2µu˜1u˜2u˜3], r˜2j ≡ v˜2j + w˜2j , j = 1, 2, 3. (46)
The manifest so (2)×so (2)×so (2) symmetry of the Hamiltonian (45)–(46)
with respect to the so (6) coordinates v˜i and w˜i implies that any solution of
the equations of motion preserves three so (2) angular momenta `i (i = 1, 2, 3).
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The kinetic terms of the Hamiltonian (45) can be expressed in terms of the
conserved angular momenta `i as
p˜2v + p˜
2
w =
3∑
i=1
(
˙˜r2i +
`2i
r˜2i
)
, (47)
leading to the effective potential
Veff = U +
2piT
3
(
`21
r˜21
+
`22
r˜22
+
`23
r˜23
)
. (48)
5.1 The so (3) symmetric membrane
Let us now consider the simplest possible subsystem of (44) where the so (6)
variables v˜i and w˜i are set to zero [12]:
v˜i = w˜i = 0, i = 1, 2, 3. (49)
Scaling out the mass parameter µ by setting
t = µτ, u˜i = µui (50)
leads to the form
Veff =
2piTµ4
3
[
u21u
2
2 + u
2
2u
2
3 + u
2
1u
2
3 +
1
9
(
u21 + u
2
2 + u
2
3
)− 2u1u2u3] (51)
of the membrane effective potential (48) and the Hamilton equations of motion,
u˙1 = p1, p˙1 = −
[
u1
(
u22 + u
2
3
)
+
u1
9
− u2u3
]
(52)
u˙2 = p2, p˙2 = −
[
u2
(
u23 + u
2
1
)
+
u2
9
− u3u1
]
(53)
u˙3 = p3, p˙3 = −
[
u3
(
u21 + u
2
2
)
+
u3
9
− u1u2
]
. (54)
The effective potential (51) is a particular instance of the generalized 3-dimensional
He´non-Heiles potential that was introduced in [13],
VHH =
1
2
(
u21 + u
2
2 + u
2
3
)
+K3 u1u2u3 +K0
(
u21 + u
2
2 + u
2
3
)2
+
+K4
(
u41 + u
4
2 + u
4
3
)
, (55)
with K3 = −9, K0 = −K4 = 9/4. The critical points of the effective potential
(51) are:
u0 = 0, u1/6 =
1
6
· (1, 1, 1) , u1/3 = 1
3
· (1, 1, 1) . (56)
6 more critical points can be obtained by flipping the sign of exactly two ui’s.
This is consistent with the manifest tetrahedral (Td) symmetry of the potential
(51). The extrema u0 (point-like membrane) and u1/3 (Myers dielectric sphere)
are global degenerate minima of the potential while u1/6 is a saddle point:
Veff (0) = Veff
(
1
3
)
= 0, Veff
(
1
6
)
=
2piTµ4
64
. (57)
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Radial spectrum [12] By radially perturbing the 9 critical points u0i in (56) as
ui = u
0
i + δui (t) , δui (t) =
6∑
k=1
cke
iλtξik, (58)
we may confirm the above conclusion by examining the corresponding Hessian
matrix. It turns out that u0 and u1/3 are global minima (positive-definite
Hessian) and u1/6 is a saddle point (indefinite Hessian). These results are
summarized in the following table 1.
critical point eigenvalues λ2 (#) stability
u0
1
9
(3) , 1
36
(6) center (S)
u1/6 − 118 (1) , 518 (2) , 112 (6) saddle point
u1/3
1
9
(1) , 4
9
(2) , 1
4
(6) center (S)
Table 1. Radial spectrum of the so (3) symmetric membrane.
Angular spectrum [14] We may also perform more general (angular/multipole)
perturbations of the following form:
xi (t) = x
0
i + δxi (t) , i = 1, 2, 3, (59)
where δxi is expanded in spherical harmonics Yjm (θ, φ) as
xi (t) = µui (t) ei, x
0
i ≡ µu0i ei, δxi (t) = µ ·
∞∑
j=1
j∑
m=−j
ηjmi (t)Yjm (θ, φ) . (60)
For the critical points u0, u1/6, u1/3 we find the eigenvalues [12]:
u0 : λ
2
P = λ
2
± =
1
9
, λ2θ =
1
36
(61)
u1/6 : λ
2
P = 0, λ
2
+ =
1
36
(j + 1) (j + 4) , λ2− =
j (j − 3)
36
,
λ2θ =
1
36
(
j2 + j + 1
)
(62)
u1/3 : λ
2
P = 0, λ
2
+ =
1
36
(j + 1)
2
, λ2− =
j2
9
, λ2θ =
1
36
(2j + 1)
2
, (63)
with multiplicities dP = 2j + 1, d+ = 2j + 3, d− = 2j − 1 and dθ = 6 (2j + 1),
respectively.
The critical point u0 (point-like membrane) is obviously stable. u1/3 has
a zero mode of degeneracy 2dP while all its other eigenvalues are stable for
j = 1, 2, . . . u1/6 has one 2dP -degenerate zero mode for every j and a 10-fold
degenerate zero mode for j = 3. It is unstable for j = 1 (2-fold degenerate) and
j = 2 (6-fold degenerate). The above results were first obtained by [5] from the
matrix model. In the flat-space limit (µ→ 0), we recover the results of [15,16].
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5.2 The so (3)× so (3)× so (3) symmetric membrane
Similar perturbative analyses can be carried out in the so (3)× so (6) sector. A
solution of the corresponding equations of motion is given by
u0i = u0, v
0
j (t) = v0 cos (ωt+ ϕj) , w
0
j (t) ≡ v0j+3 (t) = v0 sin (ωt+ ϕk) , (64)
where (u0, v0) are the critical points of the axially symmetric potential
V ≡ Veff
2piTµ4
= u4+2u2v2 + v4 +
u2
9
+
v2
36
− 2u
3
3
+
`2
v2
(65)
and `µ3 ≡ `1 = `2 = `3. It can be proven that the critical points (u0, v0) always
lie within the interval:
1
6
≤ u0 ≤ 1
3
& 0 ≤ v0 ≤ 1
12
. (66)
Radial spectrum [12] To obtain the radial spectrum we set
ui = u
0
i + δui (t) , vi = v
0
i (t) + δv
′
i (t) , wi = w
0
i (t) + δw
′
i (t) , (67)
finding six zero eigenvalues and four nonzero ones (quadruply and doubly de-
generate):
λ21± =
5u0
2
− 1
9
±
√
1
92
− u0
9
− 5u
2
0
12
+ 4u30 (68)
λ22± =
5u0
2
− 5
18
±
√
52
182
− 35u0
18
+
163u20
12
− 20u30. (69)
The plots of these eigenvalues can be found in the following figure 1.
u0 = 1
6
u0 = 1
3
ucrit
0.10 0.15 0.20 0.25 0.30 0.35
u0
-0.2
0.2
0.4
0.6
0.8
1.0
1.2
λ2(u0)
Fig. 1. Radial spectrum of the so (3)× so (6) symmetric membrane.
Angular spectrum [14] Going further, we again set out to perform angular/multipole
perturbations of the form:
xi = x
0
i + δxi, i = 1, 2, 3 & yk = y
0
k + δyk, k = 1, . . . , 6, (70)
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where the δxi, δyk are expanded around the classical solution,
x0i = µu0ei, i = 1, 2, 3, y
0
i = µv
0
i (t) e1, i = 1, 2 (71)
y0k = µv
0
k (t) e2, k = 3, 4 (72)
y0l = µv
0
l (t) e3, l = 5, 6, (73)
in spherical harmonics Yjm (θ, φ):
δxi = µ ·
∑
j,m
ηjmi (τ)Yjm (θ, φ) , δyk = µ ·
∑
j,m
jmk (τ)Yjm (θ, φ) (74)
δyl = µ ·
∑
j,m
ζjml (τ)Yjm (θ, φ) , (75)
for i = 1, 2, 3, k = 1, 3, 5, l = 2, 4, 6. We find that one of the eigenvalues always
vanishes, two others are given by the following analytic expression
λ2P =
1
2
(
j2 + j + 2
)
u0− 1
18
(
1 + j (j + 1)±
±3
√
144 (j2 + j − 2)u30 − 12 (j2 + j − 14)u20 − 24u0 + 1
)
, (76)
while 6 more eigenvalues λ± are also known in closed forms but are too compli-
cated to be included here. The corresponding multiplicities of the eigenvalues
are dP = 2j + 1, d+ = 2j + 3, d− = 2j − 1. For j = 1 four eigenvalues vanish,
while two others coincide with the eigenvalues (68)–(69) that were found from
radial perturbations:
λ2P = 4u0 +
1
3
, λ2+ =
5u0
2
− 1
9
±
√
1
92
− u0
9
− 5u
2
0
12
+ 4u30 (77)
λ2− =
5u0
2
− 5
18
±
√
52
182
− 35u0
18
+
163u20
12
− 20u30. (78)
For j = 2 there’s one zero eigenvalue while λP > 0. We can also plot the j = 2
eigenvalues of λ± (figure 2):
0.10 0.15 0.20 0.25 0.30 0.35
u0
0.5
1.0
1.5
2.0
λ2(u0)
0.10 0.15 0.20 0.25 0.30 0.35
u0
-0.5
0.5
1.0
1.5
2.0
λ2(u0)
Fig. 2. λ2± for j = 2 as a function of u0.
• The squared nonzero j = 1 eigenvalues are all positive/stable in the interval
(66), except λ2−(−) which is positive/stable only for ucrit < u0 < 1/3, where
ucrit ≡ 160
(
11 +
√
21
)
.
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• For j = 2, the λP , λ+ and one of the λ− squared eigenvalues are pos-
itive/stable in the interval (66). The remaining λ2− eigenvalue is nega-
tive/unstable in the interval 16 ≤ u0 ≤ 0.207245 < ucrit.
• For j ≥ 3 all the squared eigenvalues are non-negative inside the interval
(66) and so the system is stable .
Here’s a summary of the angular/multipole spectrum (table 2):
eigenvalues j = 1 j = 2 j ≥ 3 degeneracy
λ2P 0, 0,+ 0,+,+ 0,+,+ dP = 2j + 1
λ2+ 0,+,+ +,+,+ +,+,+ d+ = 2j + 3
λ2− 0,+, {0,±} +,+, {0,±} +,+,+ d− = 2j − 1(positive for
u0 > ucrit
) ( positive for
u0 > 0.207245
)
Table 2. Angular spectrum of the so (3)× so (6) symmetric membrane.
Higher-order perturbations [17] Beyond linearized perturbation theory (always
inside the interval (66)), we anticipate a cascade of instabilities that originates
from the j = 1, 2 multipoles and propagates towards all higher modes (j =
3, 4, . . .). The perturbative expansion becomes
xi =
∞∑
n=0
εnδxni = x
0
i +
∞∑
n=1
εnδxni , i = 1, 2, 3 (79)
yi =
∞∑
n=0
εnδyni = y
0
i +
∞∑
n=1
εnδyni , i = 1, . . . , 6. (80)
It follows that any given mode j at any given order n in perturbation theory
couples to all the modes of the previous orders 1, . . . , n−1 through an effective
forcing term that emerges in the corresponding system of fluctuation equations.
The perturbations are expanded in spherical harmonics as
δxni = µ ·
∑
j,m
ηnjmi (τ)Yjm (θ, φ) , η
njm
i (0) = 0, i = 1, 2, 3 (81)
δyni = µ ·
∑
j,m
θnjmi (τ)Yjm (θ, φ) , θ
njm
i (0) = 0, i = 1, . . . , 6. (82)
For example it can be shown that the (n = 1, j = 1, 2) instabilities we found
above couple to every mode (j = 1, 2, . . .) of the second order (n = 2) in
perturbation theory.
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